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1. The Problem 

The probability measure of the event that one 
of the spouses will survive a given interval of 
time while the other will not, depends (a) on 
their ages at the beginning of the interval as 
well as (b) on the associated probabilities of 
surviving and dying in the interval by the re- 
spective spouses. The problem is a particular 
case of the more general example dealing with 
multiple decrement tables (Jordan, 1967). How- 
ever, this special case has not received much 
attention since Depoid (1938) studied the prob- 
abilities of a marriage being terminated by the 
death of the husband or of the wife after a 
given number of years of marriage. He also men- 
tioned about the eventual probabilities of be- 
coming a widow or a widower. 

It may be mentioned that the eventual prob- 
ability of becoming a widow or a widower can 
indeed be regarded as an asymptote that is 
reached as the interval over which such a prob- 
ability is calculated, is gradually enlarged. 
In this paper, however, an attempt has been made 
to directly derive the eventual probabilities of 
any one of the spouses outliving the other for 
specific age combinations, that apply either at 

the time of marriage or at any time thereafter. 

Needless to say, the dissolution of marriage 
through separation or divorce is not relevant for 
the problem defined in this manner. 

2. Derivation of the Probability Function 

For reasons of operational simplicity in the 
derivation of these results, the survivorship 
probabilities of the two sexes are regarded as 
independent of one another. These probabilities 
are usually obtained from the respective life 
tables, so that mortality differentials by mari- 
tal statuses, if any, are also ignored. Under 
these conditions, the probability that both of 
the spouses will survive a given interval of time 
can be obtained as the product of the survivor- 
ship probabilities of the two sexes correspond- 
ing to their respective ages and the length of 
the interval. The probabilities of one or both 
of them dying in that interval can also be 
easily obtained. 

Relaxing the restriction of a specific inter- 
val of time, let the probability that a husband 
a years old will outlive his wife aged b, be 
denoted by P(a,b). Disregarding the possibility 
of their dying at the same instant of time, the 

complementary probability, namely 

Q(a,b) 1 - P(a,b) (1) 

provides the probability measure of the same 
wife's outliving her husband. The probability 
of their jointly surviving a period of x years 
can be expressed as 

f(b+x) 

C(a +x,b +x) (2) 

m(a)Rf(b) 

in which (a+x) and f(b +x) are the male and the 
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female probabilities of survival from birth to 
ages a +x and b+x respectively which coincide with 
the end of the time interval while m(a) and Rf(b) 

are the corresponding probabilities at the begin- 
ning of the interval. 

Next, the probability that the female spouse 
will die at age b+x, leaving her male partner a 
widower, can be written as 

C(a +x,b +x)pf(b+x)dx (3) 

in which pf(b+x) is the force of mortality at 

age b +x for the females, that is, 

pf(b +x) = - - ff(b +x) /2f(b +x) (4) 

Therefore, the eventual probability of the male's 
outliving the female spouse can be obtained from 

a(a,b) 

P(a,b) = C(a +x)pf(b +x)dx (5) 

where a(a,b), the upper limit of the integral, 
depends on the values of a,b as well as on the 
life spans of the two sexes. For all practical 
purposes, however, the values of a(a,b) may be 
left unspecified. 

Because of (2), P(a,b) can be alternatively 
expressed as 

ala,b) 

a+x ) ( b+x ) f( b+x ) d x 

JO (6) 
P(a,b) - 

m(a) f(b) 

and the complementary probability as 

Ia(a,b) 

Q(a,b) 

+x)dx 

o (7) 

It is easy to see that (6) and (7) satisfy (1) 

as they should. This is because 

] 

dx 

(a +x) +x) + pf(b+x) ] (8) 

and thus the sum of the integrals in the numera- 
tors of (6) and (7) simplifies to (a) Rf(b), 

their common denominator. 

Another expression for P(a,b) may be derived 
by noting the equality 

P(a,b) = 
P(a,b) 

(9) 

P(a,b)+Q(a,b) 

so that, a combination of (6) and (7) results in 
the expression 



P(a,b) 

a(a,b) 

(a(a,b) 

ID(a+x)Rf(b+x)[um(a+x)+uf(b+x)]dx 

(10) 

3. Approximate Algebraic Solution of P(a,b) 

What follows next is the description of a 
method suggested for the reduction of the ratio 
of the integrals in (10). First, it is acknow- 
ledged that, in general, the force of mortality 
can be regarded as a reasonably smooth and a 
monotonically increasing function of age in the 
age interval that excludes the childhood years. 
Also known is the fact that in such an interval, 
the function can very well be approximated by 
the Gompertz curve, namely, 

u(x) = BCx (11) 

The limitations of the model, found for the most 
part in the old ages, are known to be true pri- 
marily with respect to mortality experiences 
observed during an interval of time, rather than 
those that are applicable to generation mortality 
(Spiegelman, 1969). Consequently, the model can 
be expected to provide a fair approximation of 
the mortality experiences, especially in those 
countries, where the patterns of mortality ex- 
hibit little or only minor changes over time. 

It is also known that the force of mortality 
is not affected much by variations in C at the 
younger ages, and therefore it is generally 
approximated by an average of its values observed 
at higher ages. Table 1 shows the values of C 

for the two sexes, obtained from successive five 
year age intervals (n =5) beginning from age 30, 
for the 1973 U.S. Life Tables (Vital Statistics 
of the U.S. 1973, DHEW), as 

C 

(y+n+x) dx [ R(y+n) / 12.(y+2n) 

u(y+x)dx [ R(Y)/ 

Interestingly enough, the parameter C shows 
only minor variations by age and sex. This is 

quite logical in the sense that, under normal 
conditions, the patterns of mortality of the two 
sexes cannot be unrelated with one another. For 

. all practical purposes therefore, C can be 

.assumed as_ constant for the two sexes. In that 
event, it is;possibie to write 

+x) K(a,b)uf(b+x) (13) 

K(a,b) (Bm 
-b 

(14) 

in which B and B 
f 

are the values of the para- 
meter B inm(11) fr the males and the females 
respectively. Substituting (13) in (10) and 
simplifying, the equation 

(12) 

where 
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P(a,b) 
1 

1+K(a,b) 1 +(Bm /Bf)Ca 

is obtained. It is of considerable interest to 
note from (15) that, in a given population, the 
probability of losing a spouse depends primarily 
on the age difference of the two spouses, but 
not on their specific ages. From a mathematical 
point of =view, .this.surprising finding follows 
from.: the reasonable_assumption of-the Gompertz 
law -of mortality with an _additional Out reason - 
able..nonetheless) restriction that for any age 
the forces of mortality for the two sexes remain 
proportional to one another. It is easy to see 
that minor deviations from these assumptions 
will not drastically affect the aforementioned 
results. 

(15) 

Also of interest to note is that the conclu- 
sions drawn about the behavior of the eventual 
probability measures apply also to the same 
calculated over a shorter time interval. In 
other words, the probability, say, Pt(a,b), that 

the wife will be the first to die within the 
next t years, conditional to at least one of them 
dying in that interval, will be the same as shown 
in (15). This is so because changing the upper 
limits of the integrals in (10) from a(a,b) to 

some t, has no effect on its value when Gompertz 
law of mortality is assumed. The unconditional 
probabilities (Depoid, 1938), as mentioned ear- 
lier, will increase with t and approach the 
eventual probability as the limiting value. 

4. Empirical Estimates of K(a,b) 

As shown in (15) K(a,b) consists of two fac- 

tors, namely, Bm /Bf and Ca -b, in which the for- 

mer can be expressed as the ratio of the forces 
of mortality of the corresponding sexes when 
both spouses are of the same age. That is to 
say, 

Bf uf(x) 

Since, in practice, the ratio will show some 
variation by age, an estimate of the same can 
be obtained as 

m 

Bf 

(16) 

(17) 

where the limits of the integrals may be set at 
convenience. From practical considerations, the 
lower limit of the integral may be set at age 30 
whereas the upper limit may be determined by the 

lower boundary, say a, of the last interval (open 
ended) of the life tables. In that case (17) 

can be simplified as 

m(a)] 
(18) 

Bf Rn[Rf(30) /Rf(a)] 

Similarly, the parameter C which can be ex- 

pressed either as 

n 
m(x+n) 

C (19) 



or as 

uf(x+n) 
Cn 

uf(x) 
(20) 

will also show some variation by age and sex. 
Accordingly, an estimate of C may be generated 
from 

Rn[Rm(30+n)/Rm(a)] Rn[9f(30+n)/9f(a)] 

2 Rn[Rm(30)/ m(a-n)] + Rn[Rf(30)/Rf(a-n)] 

Cn 

(21) 

The values of K(a,b) for different combina- 
tions of a and b can then be obtained from (14) 

through appropriate substitutions. These, for 
the 1973 U.S. Life Tables (n =5 and a =85), are 
shown in Table 2. 

5. Solution of P(a,b) by Numerical Methods 

The integrals appearing in (10) can of course 
be evaluated by numerical methods which, as such, 
will be free from assumptions about the forces 
of mortality made earlier. First, it may be 
noted that from the definition of the force of 
mortality given in (4), it is possible to write 

Rf(b +x)pf(b +x) = -dff(b +x) (22) 

so that the numerator of (10) can be rewritten as 

a(a,b) 
+x) (23) 

0 

In general, the derivative of R(x) can be 
assumed as constant over a small age interval 
and therefore, for such an interval of length n 
(usually no greater than 5) years, 

Rf(b +x) 

Rf(b+x) - Rf(b+x+n) ndf(b+x) 

n n 
(24) 

is the average annual female deaths in the age 
interval b +x to b+x+n. Therefore, (23) simpli- 
fies into 

where 

Hm(a,b) = nLm(a+in)ndf(b+x) (25) 

+l)n 
nLm(a +in) = 

Jin 

is the size of the stationary population in the 
age interval a +in to a +(i +l)n. Unfortunately, 
the upper limit of i needed for the evaluation 
of (25) is not known as the life table functions 
are generally not available beyond some age a 
(80 or 85). Consequently, assumptions have to 

be made about the contributions of the terms in 
(25) beyond a. It appears though, that when a 
and b are both sufficiently smaller than a, 
P(a,b), which because of (25) and a similar de- 
finition of Hf(a,b) reduces to 

(26) 

H (a,b) 

P(a,b) 
Hm(a,b)+Hf(a,b) 

(27) 
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after appropriate substitutions in (9), can be 
assumed to remain unaffected when the H functions 
are evaluated over the age interval (a,a) for 
a or over (b,a) when a <b. Although, it is not 
immediately apparent, such an assumption leads 
to the mathematical equality 

P(a,b) = P(a,a -a +b) (28) 

for ab, and 

P(a,b) = P(a- a +b,a) (29) 

otherwise. These equalities can be established 
by first distinguishing the H functions over the 

reduced interval as Ha. In that case, for a >b, 
(27) can be written as 

P(a,b) = 

Hm(a,b) + Hm(a,a-a+b) 
(30) 

Hm(a,b)+Hf(a,b)+Hm(a,a-a+b)+Hf(a,a-a+b) 

Thus, the assumption of the equality 

P(a,b) 
HID(a,b) 

Hm(a,b)+Hf(a,b) 

produces the other equality, namely, 

(31) 

H (a,a -a +b) 
P(a,b) - 

m 
(32) 

Hm(a- a +b) +Hf(a -a +b) 

which also equals P(a,a -a +b) because of (27). 
Similarly, (29) can be established for a <b. 
From logical considerations, it may be added 
that (28) and (29) further imply (but do not 
mathematically require) that 

P(a,b) = P(a +h,b +h) (33) 

for all h. This is so, because like P(a,b), the 

probability P(a +h,b +h) can also be estimated from 

Ha(a +h,b +h), at least for small h, in which case 

P(a +h,b+h) = P(a,a -a +b) for a >b (34) 

Because of (32), therefore, the equality proposed 
in (33) should also hold. 

It is obvious that if P(a,b) is estimated 
from (32) for a given age combination a and b 
of the spouses and the same is set equal to 
P(a,a -a +b), the substitution of the latter in 

(6), where a and b are changed respectively to 
a +h and b +h, will generate the estimate of 
P(a +h,b+h) as 

P(a+h,b+h) 

H:(a+h,b+h)+Rm(a)Rf(a-a+b)P(a,a-a+b) (35) 

+h) (b +h) 

Needless to say, the mathematical equality of 
P(a,b) and-P(a +h,b +h) does not follow from such 

a procedure, however, as mentioned earlier, the 
difference between these two probabilities 

should be negligible. 

The reader must have noted the equivalence of 



the end results generated by the present method 
with those based on the Gompertz law of mortal- 
ity. Surprising as the results may be, the 
eventual probability of becoming a widow or a 
widower (and similarly the conditional probabil- 
ity over any time interval), seems to be deter- 
mined by the age difference of the spouses and 
not by their actual ages. 

6. Application on the U.S. Data and 
Discussion of Results 

The values of P(a,b) have been calculated 
from the 1973 U.S. Life Tables, on the basis of 
the two methods presented in this paper. These 
are shown in Table 3, in which the age difference 
between the two spouses has an arbitrarily chosen 
range of -10 to 10 years. It may be recalled 
that the principal parameters of the Gompertz 
model were estimated from the age interval (30, 

85), from which K(a,b) values were obtained and 
shown in Table 2. Substitutions of these values 
in (15) provide estimates of P(a,b) which are 
shown in cols (2 -3) of Table 3. Next, the 

Ha(á,b) functions, required for the method based 
on numerical integration, are obtained for those 
combinations of a and b, such that the 

minimum (a,b) 15 (36) 

The choice of age 15 is based on a reasonable 
minimum of the observed ages of marriage, and 
in this way the difference between a and the 
minimum (a,b) is maximized in order to strengthen 
the assumption resulting in (31) and (32). From 
the same life tables, these H functions are then 
obtained for a =85, for substitutions in (31) to 

generate the estimates of P(a,b) for different 
age combinations of the two spouses. 

As expected, the values of P(a +h,b +h) are 
found to be virtually invariant with respect to 
h, and instead of reproducing all such values, 
only the minimum and the maximum values have 
been shown in cols (4 -7) of Table 3 for the 
integral values of la -bl 10. 

The closeness of the estimates generated by 
the two different methods mutually reinforce 
the validity of the separate assumptions on 
which these are based. According to the tabled 
values, the probability of becoming a widow is 
at least twice as large than that of becoming 
a widower when the husband is two to three years 
older than the wife. The differential risks of 
losing a spouse for this currently normative 
age difference is worth noting. The two prob- 
abilities become equal when the husband is 
about seven years younger than the wife, a 

figure which is slightly less than the difference 
between the life expectancies of the two sexes. 
It will be interesting to see how these prob- 
ability measures compare with those generated 
from other life tables. 
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TABLE 1. Estimated values of C of the Gompertz model p(x) = BCx 
for U.S. by sex for the year 1973 beginning age 30 

(Source: 1973 U.S. Life Tables) 

Age 30 35 40 45 50 55 60 65 70 75 

C(male) 1.06 1.08 1.10 1.09 1.10 1.09 1.08 1.08 1.09 1.07 

C(female) 1.09 1.09 1.09 1.08 1.09 1.08 1.08 1.11 1.11 1.09 

TABLE 2. Estimated values of K(a,b) =(BW /Bf)Ca -b for different 

values of husband wife age differentials a -b 
(Source: 1973 U.S. Life Tables) 

1 2 3 4 5 6 7 8 9 10 

K(a,b) 
1.71 1.86 2.02 2.20 2.40 2.61 2.84 3.09 3.36 3.66 3.99 

a>b 

K(a,b) 
1.71 1.57 1.44 1.32 1.22 1.12 1.02 0.94 0.87 0.80 0.73 

TABLE 3. Probability P(a,b) of husband a years old, outliving the wife aged b years, 
estimated by the methods based on (1) Gompertz law of mortality and 

(2) numerical integration (Source: 1973 U.S. Life Tables) 

P(a,b) by Gompertz law Optimum values of P(a,b) by Numerical Integration 

Ia -bI a >b a <b Minimum al) Maximum Minimum 
alp 

Maximum 

(1) (2) (3) (4) (5) (6) (7) 

0 .370 .370 .345 .382 .345 .382 

1 .350 .390 .327 .361 .364 .398 

2 .331 .410 .308 .341 .383 .415 

3 .312 .431 .291 .321 .403 .433 

4 .295 .452 .273 .301 .422 .452 

5 .277 .473 .256 .282 .443 .472 

6 .261 .494 .240 .263 .463 .492 

7 .244 .515 .224 .245 .484 .512 

8 .229 .536 .209 .227 .504 .532 

9 .215 .557 .196 .211 .525 .551 

10 .201 .578 .183 .195 .545 .571 
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